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| am a mathematician:



Singular Perturbation and Boundary layer

of 2d QG equations

A major problem in mathematical and engineering fluid “ oz Dl e e ton 1203
mechanics is the study of the boundary layer for the 4 |
Navier-Stokes equations at small viscosity. Ly
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In general, due to the sharp transition inside boundary N

layers, a careful numerical treatment is required.
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Electromagnetic Waves (layered structures)
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(a) A depiction of a multiply layered  (b) Scattering solution with
grating structure. different numbers of layers.

Numerical simulations are very useful since building device is complicated and expensive.



Geophysical Fluid Dynamics
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Example of the grids in x-p coordinates
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My recent interests:
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Figure: Network modules with ResBlock and SSP blocks. (a): ResBlock.
(b): SSP2-block. (c): SSP3-block.
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Neural Networks?

A NEURAL NETWORK
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Theoretical Aspects

@ Over the past decade, Machine Learning (ML) and Neural Networks (NN)
have achieved remarkable breakthroughs. Despite their outstanding

performance, many aspects of ML remain a "black box" to us.

@ There is a significant lack of understanding regarding when and why ML

systems work well, and how to improve them or address their failures.
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Theoretical Aspects

The main goal is to show the convergence of the approximation:

lu —uppn|| > 0asn,M,N -0

This is achieved by decomposing the error:
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Deep Generative Model

A generative model describes how a dataset is generated, in terms of a probabilistic
model. By sampling from this model, we are able to generate new data.

Generative Model

Discriminant Model x

Example of the Progression in the
Capabilities of deep generative
model from 2014 to 2018.

2014



Deep Generative Model

Distribution of images generated by the model

The goal of the generative model is to find a p,,,,4.1(x) that approximates v, (x) well.

N Distribution of actual images

=Y

X1 X2 X3 Xg

Then, generate new samples from p,,,,ge1 (X)

Addresses density estimation, a core problem in unsupervised learning
Several flavors:
- Explicit density estimation: explicitly define and solve for p,,_;.,(x)

- Implicit density estimation: learn model that can sample from p,.,.;(x) w/o explicitly
defining it
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=. Microsoft I Research Ourresearch ~  Programs & events +  Connect & learn ~  About v Register: Research Forum

Microsoft Research
Al4Science

Projects

Ab Initio Aperiodic Molecular
Dynamics >

Molecular dynamics is a task for understanding and
predicting physicochemical property of real-world
substances from the fundamental rule of physics. It
provides solution from the first principle for various
impactful problems, including developing new materials
with desired properties, predicting stable...

Crystal Structure Design >

Materials play an important role in energy storage and
carbon capture, Particularly, energy storage is
indispensable for efficient use of renewable energy and
finding better materials for energy storage has long
been hot research topics. Moreover, since carbon
capture is...

Overview FAQs  People  Publications  Downloads  Videos  Projects  Career opportunities  News & features

Bio Embedding >

Life is ruled by biclogical sequences and molecules, i.e.
DNA, RNA, and protein sequences, following the de
facto ‘natural’ language of biology. Understanding how

these biomolecular behaves and interacts with each
other can help with millions of lives that are...

Fast Neural PDE Solver >

fundamentally to PDEs, from macroscope to
microscope, such as navier stokes equation and
Schrodinger equations. Solving these PDEs enables us
to understand and forecast the world and is a critical
task in our pursue of...

Carbon Neutrality >

As Paris Agreement entered into forcg
further steps to limit Greenhouse Gas
China pledges to peak its CO2 emissig
achieves net-zero no later than 2060,
and dramatic decarbonization actions
sectors....

Generative Chemistry >

Established: January 1, 2020

The process for developing new drug
complex, requiring the evaluation of i
thousands of candidate compounds g
reaches the clinical trial stage. This pri

nctly and rociiirac immoncoe amannt




Revisits: my old friends

Energy defect versus perturbation orders for the TE mode
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(a) A depiction of a multiply layered  (b) Scattering solution with
grating structure. different numbers of layers.

Numerical simulations are very useful since building device is complicated and expensive.



Electromagnetic Waves (layered structures)

1. Flatten the interface using change of variables

——> ugly terms appear
2. Keep the Helmholtz operator in I.h.s., and source terms (nonlinear terms with g(x) and h(x)) in
r.h.s.

3. Introduce ansats w.r.t. € and rearrange the equations

o0

u= Z un(x,y)e"

——> At each g-order, inhomogeneous Helmholtz equations are deduced

4. Solve the problem recursively



Solar Thermophotovoltaic (STPV
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Connection to the ML

Problem description: Evaluation and design of photonic devices

N-layer stack
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Generative Model: Conditional Variational
Autoencoder (CVAE)

Variational Autoencoder

Latent Vector
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| sampling
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Condition:
dog




Variational Autoencoders (VAE)

Input: x;2 q¢(x) =2 Wi, 0 z; =2 go(2) =2 p;:output

1 Ui, T;, € =2 Z;

output

iInput

L

oo ()T (3] g
q Xi Gaussian — sernoulli D; q
0;

Encoder Decoder
28 x 28 x 1 — 28 x 28 x 1

SAMPLIN
0 ) Autoencoder is for Encorder, but VAE is for
,: /| Reparameterization Decoder.

N(0,1) S Trick

20



CVAE to the EM design
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Active learning and results: Dataset
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Active learning and results: Performance

Histogram of GLOnet-optimized devices

o Histogram of locally optimized devices
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Figure: (a) Azunre et al, New J. Phys. (2019); (b) . Jiang and Fan,
Nanophotonics (2021); (c). H. and Nicholls (ours).
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Further application: Metamaterial
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Metamaterial with Vg-CVAE
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Metamaterial with Vg-CVAE
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Metamaterial with Vg-CVAE
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Diffusion models

Forward SDE (data — noise)

x(0 dx = f(x,t)dt + g(t)dw

7 score function
.(— dx — fx,t)—g2 t&xlogpt(x ]dt—l—g t)d

Reverse SDE (noise — data)

W

28



ion models

Diffus




Metamaterial generation via the DM

Forward Tlme : 0.00




Graph Structured Database (3D metamaterials)
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Metamaterial generation via the DM
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Metamaterial generation via the DM
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Results: dynamic evolution of graph structures
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Results: inverse design
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Results: functionally graded mechanical metamaterials

Normalized Stiffness
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Comparison study between VQ-VAE and diffusion models

Connectivity
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Diffusion model consistently outperforms VQ-VAE in maintaining
perfect connectivity across all iterations, underscoring its
robustness in generating structurally coherent samples.

Diffusion model generates graphs with Poisson's ratio values
clustered around one, indicating similarity to the training
dataset, VQ-VAE produces a wider distribution, reflecting its
ability to create more diverse and novel graph structures.
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Results: combinatorial synthesis of graph structures from basis latent
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. Scientific Machine Learning



Scientific Machine Learning

What is Scientific Machine Learning?

- Scientific machine learning (SciML) is an emerging discipline within the data
science community. SciML extract insights from scientific data sets through
innovative methodological solutions. SciML draws on tools from both machine
learning and scientific computing to develop new methods for data analysis,
and will be critical in driving the next wave of data-driven scientific
discovery in the physical and engineering sciences.

- Like scientific computing, SciML is multidisciplinary and leverages
expertise from mathematics, computer science, and the physical sciences.



Two main streams on DNN for PDEs

* Physics-Informed Machine Learning
e Using neural networks directly to parametrize the solution to PDEs.
* Solve one instance of PDE at a time.

* Models: unsupervised learning
* Physics Informed Neural Network (PINN), Deep Ritz Methods

Find u(t, x) satisfying
Lppr = f(U, Ug, Uy, Ugy, ) = 0
Lic=u(0,x) — glx) =0
Lgc = ulagq — h(t,x)[g0 =0

1ug (t,X)



Two main streams on DNN for PDEs

* Operator learning

* Learning a mapping from the parameters (e.g. external force, initial, and
boundary conditions) of the PDEs to the corresponding solution.

* Learning a family of PDEs from data.
* Models
* Deep Operator Network (DeepONet)
* Fourier Neural Operator (FNO)

Find a map G: g(x) — u(t, x) satisfying
Lppr = f(U, Ug, Uy, Ugy, ) = 0
Lic =u(0,x) — glx) =0
Lpc = ulga — h(t x)|aa

.




Pros and Cons of major ML approaches

* PIMLs

e (+) easy to implement, applicable to various domains and equations
* (+) unsupervised learning

* (-) predict only a single PDE instance

* (-) Hard to impose a boundary condition

e Operator learning
e (+) predict multiple PDE instances (parametric PDEs)
* (+) can use the Computer Vision architectures
* (-) supervised learning, so require a paired input-output dataset
* (-) low accuracy on unseen data, boundary condition issue



Legendre-Galerkin Network

I will make use of this NPDE framework for my NN approximation!!

When applying the spectral element methods, we can obtain an accurate numerical

solution: N-1
u(x) =~ Z appr(T),
k=0

where N is the number of the global basis function. In practice, there are
many feasible choices of the basis functions such as Fourier series (exp(ikx)),
Chebyshev polynomial (7% (x)), or Legendre polynomial (Lx(x)).

For given data (e.g., forcing terms, boundary conditions, etc.), our neural network
predicts only the coefficients of the basis functions. Subsequently, we generate
infinitely many datasets through reconstruction:

N-—1

Ol —> UN = E QP
k=0



Unsupervised Operator Network

ML + Numerical PDEs

Input
External forcing function f(x;w,,) u(x) ~ E ak¢k (x)
Neural Network
et Loss Function
Update
parameters M N-1, .
* L(u) = Z Z /(Tﬁ{.r:a‘mJ - V()
Hidden m=1 g—1 |+
layer 2
+ri(z; wpy ) ér(x)) dz — /f{.!".i.d”,.)l’.'i,g-l:.f‘:l(l.i'
ST
Cutput F'y
layer
X  Linear combination | : —
| with the basis (e}, ! Solution Prediction
Output e oo . -
> v
Coefficients {a,(w,.)} iz wm) = Y @wm)iox(x)
k=1

Hong et al., IEEE Access (2023), Int. J. Numer. Anal. Model. (2024)



Numerical Results

p
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Time dependent problem

t =0.01

1.0 1

Ut — VUge — U, =0, for t>0,z €,
u=ug(z), for t=0, z€q,
u(—1)=0=u(l), for t<O0.

0.8 1

0.6

0.4 11

Linear convection diffusion with small
viscousity. We expect the boundary layer
near x=-1.

i J
0.2

0.0 {®

T T T T T T T T
-1.00 -0.vy5 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
x

Hong et al., Comput. Methods Appl. Mech. Eng. (2024)



2D KS and NSE equations

Predicted solution Predicted solution
t=0.01 t =0.01

. — 2
Uy + Atgy + A%u++|Vul?2 =0, for t>0,z€Q, Oyw(z,t) +u(z,1) VV'wEa:,g gAw(m, t)+ f(z), =€ (((()), 322 c tg;"]]
ulz,t) = S S
— f — Q ? ¥ ’ 3 7
u=ulw), for t=0, z€h, w(z,0) = w(z), z € (0,1
2D Kuramoto-Sivashinsky equations 2D Navier-Stokes equations

Hong et al., Comput. Methods Appl. Mech. Eng. (2024)



2D NSE

Incompressible Navier—Stokes equation (NSE) in its vorticity form for a viscous on the unit torus (2D),

w,+u-Vw—LAw=f, for t>0,x € Q,
Re N/2 N/2

A 1 .
u=Vxyz — Wy (X, V) = (27)2 2 2 el(fxxn-l-‘?y}’m)a‘:x,éy, nm=1--,N.
Ay = w £y=—N/2+1&,=—N /2+1

w=wy(x), for t=0, xe€LQ, l

ng’gy(ﬁj) - ng,gy(wr) N Ik|2
At 2Re

Feoa, (@ + Fy g @+ ik (Fy g Ww),Fy g (V0)) = Fy g () =0.

oy @

Find velocity with

1
P‘gxaé:y (wr—l_ ) - ?gx’gy (wr) |]'(|2 ik

_ el I r+1 r ~—~ —~
—> - == oRe et WA Fe g (W) = S (FWW), Ty g (W) + (P g ), Py g, (00)) + T g (f),

N/2 NJ2

1 .
) W) = 2 D, EIEIE, L W), am=0- N -1

2
(27) £,=—N/2+1&=—N/2+1



5 -0.50

(d) Dolphin

(c) Polygon

(b) Square with a hole

Hong et al., SIAM Journal on Scientific Computing (2024)

Can we handle general smooth domain?

AORK]

S
SOV :
CRAPRRE
287 7S AVAS
R A

Finite Element Operator Network

A%

A

(a) Circle




Finite Element Operator Network

Input

Deep Learning

Neural Network

Data of PDEs

- M N(h

Output

» Fully-Connected Neural Networks (FC)
or
« Convolutional Neural Networks (CNN)

»

Loss Function

v

Coefficients
—~ N(h
{@r(w)}oly

Finite Element Methods

1 .
LM (@) = i : Z; | Bl (3 @i ), @i(x)] — E(di(x); @ )|*

P1-Element P2-Element
Solution Prediction
N(h)
un(x;w) = AZ] ax(w)or(x)| 1 Reconstruction with the basis {0}, ]

Figure: Schematic diagram of FEONet




1.00
0.75
0.50
025
0.00
-0.25
-0.50
-0.75
-1.00

Numerical Experiments

Input f(x

-10 -05 00

2

= Iniut f(x, ;)
=10 -05 00 05 10 A
% :

Input f(x, y)

-05 00

Truth u(x, y)

~1.00 -1
~1.00-0,75-0.50~0.25 0.00 0.25 0.50 0.75 100

Truth u(x, y)

,_DeepONet w/30

0.0 0s 10

DeepONet w/30

ulx,y)

00 -1
~1.00-0.75-0.50~0.25 0.00 025 050 0.75 1.00

00
~1.00-0.75-0.50-0.25 0.00 0.25 050 0.75 1.00

0.48

0.32

016

-0.16

-0.32

-0.48

Input fi(x, y)

Exact u,
100
0%
w . Predictu; -
< o8
.00

(x,y) € D =1[0,1]?,
(z,y) € D,
u=4g, (I:F)EI‘D={(‘T:’H)ED|F=O}:
(z,y) e'n ={(z,y) € Dz =0,10ory =1}

Hong et al., SIAM Journal on Scientific Computing (2024)



Numerical Experiments

Model (#Train data) Domain | Domain 1l Domain Il BC I BC I Eql Eq Il
DON (supervised, w/30) 27.15+116  51.21+4358 53.92+450 21.75+110 22.75+105 24.38+137  10.26+0.14
DON (supervised, w/300) 2.10+0.75 5.62+0.37 6.22+0.96 0.68+0.11  0.96+0.06 0.76+0.10 0.20-+0.09

DON (supervised, w/3000) 0.69+0.17 4.75+0.75 6.20+1.00 0.53+036  0.33+0.09 0.33+0.27 0.2440.13
PIDeepONet (w/o labeled data)  9.80+9.41  101.03+16746 32.89+6.3¢  1.51+o046  1.43+045 19.41+1130 2.66+0.71
Ours (w/o labeled data) 1.24+0.00 1.76+0.03 0.51+000  0.13+001  0.32+003  0.13+0.01 0.54+0.07

® Domain | (circle), Domain Il (square with a hole), Domain 11l (polygon) with the equation

—eAu+v-Vu

— f(X,y),

u(x,y) =0,
® BC I (Dirichlet), BC Il (Neumann) with the equation

—eUy + buy, = f(x),

u(x)=0 or

u(x) =0,

(x,y) € D,
(x,y) € OD.

x €D,
x € 0D,

® Eq | : general second-order linear equation, Eq Il : Burgers' equation (nonlinear).



Limitation and Advantages for Sci. ML.

* Limitation:
* Not reliable yet (error analysis not complete)
* Low accuracy
* Training time is long

* Advantages:
* Overcome curse of dimensionality
* Fast inference
* Inverse problems
* Potential to tackle complex problems
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Convergence of Neural Networks

The convergence of neural networks can be decomposed by

u — un’M,N —_ (u — un) + (un _ un,M) + (un,M N un'M’N)

approx. error gen. error opt. error

Target
o

.

rd . .
_¢ Approximation
error

(}.{

Hypothesis space

Best model
Initial guess

Optlmlzat|on’ _®
error .~
-

-

Optimization/ Training Empirical risk

ihimizer
Learned model



Convergence Analysis of FEONet

¢ Constructing hypothesis space - - -« oo, (Approximation error)
: the error of approximating the solution of a PDE using neural networks;

inf ||f — f|| < n~%||f|]
V

IV {piecewise polynomials (Bramble—Hilbert lemma);
fev,

neural networks (universal approximation theorem).

® Formulating the loss function - - -« .- oo (Generalization error)

: the error of the neural network-based approximate solution on predicting unseen data;

M .
~ Rad h lexit
{ﬁ L™ (Rademacher complexity) argminl &~ argmin CY

stability of PDE

@ Findi"g the solutio" ........................................ (Optimization error)

: the error incurred by the optimization algorithm used in the training of neural networks for PDEs.



Convergence analysis of FEONet

Theorem (FEM Theory)
P-¢ element method: ||u — up||12(py < Ch!

Theorem (Ko, Lee, and H.)

If we let u;, be the finite element approximation of the true solution uw and wuy, ,, 1s be the
approximate solution computed by the FEONet, then we have

E. [||'u,h — ﬂh’n’MH%g(D)] —0 asn, M — oo.



Convergence analysis of FEONet

But something weird happens...

P1 convergence rate P2 convergence rate

10-1 4

1072 4

Rel. L? error

—¥— Rel. L2 test error (P1)

—»— Rel. L? test error (P2)
----- Rate=-2

----- Rate=-2.9

8 12 16 24 32 48 64 80 128 256

2 4 6 81012 16 24 32 48 6480 128 256
# of element

# of element

Does this come from ML things? Otherwise, should we dive into details?

e Why does the phenomenon of errors increasing again at a certain point occur?
e The objective is to investigate the underlying principle of FEONet based on the mathematical analysis.



Convergence analysis of FEONet

Approximation error (Céa's lemma for the neural network approximation)

Let x(A) be a condition number of the given finite element matrix A. Then we have

o™ — af”l_l(n) < k(A) aicg{r,, o — a*llLl(Q)-

Generalization error

| A\,

Let x(A) be a condition number of the given finite element matrix A. Then we have

E [||Eif - af,M“Ll(Q)] S *‘J(A)dﬁRM(}—f) + K(A) QLPL o — o[ 1()-

Error estimate for the FEONet using P/-element:

E [”” — ”h,n,M||L1(Q;L2(D))] S h 4 K(A) a'gL | — || 1) + ﬁ(A)dmRM(-ﬂc)

Hong et al., submitted



Convergence analysis of FEONet

Theorem (Error estimate for the FEONet)

If we use the (Pf)-element, the predicted solution up » ar by the FEONet satisfies
the following error estimate:

ﬁ',(A)LFd K{A}1+3dﬂ

E [||u = upnnllLr sz oy] S AT+ +

Vn VM
Pl convergence rate P2 convergence rate
—¥— Rel. L2 test error (P1) 1091:
—— Theoretical error bound
10714
S 5
= 10714 = 10774
Q o 3
™~ o~ 10731‘
~ 102 = i
K] o ;
e Lo - o« | —<« Rel. L? test error (P2)
i —— Theoretical error bound
{ Rate=-2.9
8 12 16 24 32 48 64 80 128 256 2 4 6 81012 16 24 32 48 6480 128 256
# of element

# of element

(Theory-guided strategy 1) Take n — oo and M — oco.

(Theory-guided strategy 2) Use a preconditioned loss: replace |[Aa — F| by |[P~*Aax — P7F|

Hong et al., submitted



FEONet analysis

Rel L? error depends on # of training samples

. Rel L? error depends on model size
3x10

8x10°2
—e— w/o Precond —— w/o Precond
—e— w/ Precond —e— w/ Precond
-1 -2 J
IO- 10 !6 4x10
= =
(7] LH]
~ ~
~ 5x1072 -
E E 2.2%107% 4
3x10
2x1072 —
1.3% 10724 - ° - .
| — - ? 1021+ }
10! 10?7 10° 1 2 3 4 5

# of Training samples # of Conv blocks

Figure: The relative L2 errors resulting from varying the number of training samples and the model size.

Original FEONet vs Preconditioned FEONet using
K(e) =[P Aa(w) = P~ F(w)ll1e)
KM(a) = 1] XM: 1P Aa(wi) — P~ F(wi)]
Mo |

— k(A) is replaced by x(P'A) where x(P 'A) < k(A).



Convergence analysis of FEONet (Preconditioning)

# of elements 8 12 16 24 32 48 64 80 128 256
CDE w/o precond | 0.12731 0.05301 0.02958 0.01316 0.00890 0.00318 0.00216 0.00232 0.00593 0.04736
4w precond | 0.12728 0.05291 0.02887 0.01231 0.00780 0.00584 0.00170 0.00110 0.00048 0.00021

TABLE 1 Numerical errors against the number of P1 elements for convection-diffusion equation.

# of elements 2 4 6 8 10

12

24

32 48 64 80 128 256

CD Eq.

w/o precond
w precond

0.54603 0.07546 0.02294 0.01000 0.00624 0.00451 0.00709 0.00123 0.00225 0.00225 0.01603 0.00387 0.00711
0.54614 0.07576 0.02253 0.00949 0.00738 0.00204 0.00479 0.00573 0.00034 0.00034 0.00026 0.00039 0.00027 0.00239

0.14480

TABLE 2 Numerical errors against the number of P2 elements for convection-diffusion equation.

Rel. L? error

Pl convergence rate

1071 4

10—2 p

10734

—¥— Rel. L? test error (P1) w/o Precond

—¥— Rel. L2 test error (P1) w/ Precond
Rate=-2

8 12 16 24 32 48 64 80 128 256
# of element

Rel. L2 error

10°

107! 4

1072 4

1073 4

P2 convergence rate

—— Rel. L? test error (P2) w/o Precond

—— Rel. L? test error (P2) w/ Precond
Rate=-2.9

2 4 6 8 1012 16 24 32

# of element

48 64 80 128 256

Hong et al., submitted



Thank you!
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